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Abstract 

The Pauli-Fierz model H{a) in nonrelativistic quantum electrody- 
namics is considered. The external potential V is sufficiently shallow 
and the dipole approximation is assumed. It is proven that there ex- 
ist constants < < Q!+ such that H{a) has no ground state for 
|a| < a_, which complements an earlier result stating that there is 
a ground state for \a\ > a+. We develop a suitable extension of the 
Birman-Schwinger argument. Moreover for any given 6 > examples 
of potentials V are provided such that a+ — a_ < 5. 
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1 Introduction 



Let us consider a quantum particle in an external potential described by the 
Schrodinger operator 

(1.1) i7p(m) = -^A + ^(x) 

acting on L^(M'^). If the potential V is short ranged and attractive and if the 
dimension d > 3, then there is a transition from unbinding to binding as the 
mass m is increased. More precisely, there is some critical mass, rric, such 
that Hp{m) has no ground state for < m < rric and a unique ground state 
for rric < m. In fact, the critical mass is given by 

|||V|1/2(_A)-1|V|1/2|| 



2mr 



see Lemma 13.31 We now couple Hp{m) to the quantized electromagnetic 
field with coupling strength a > 0. The corresponding Hamiltonian is de- 
noted by H{a). On a heuristic level, through the dressing by photons the 
particle becomes effectively more heavy, which means that the critical mass 
coa'^{a) should be decreasing as a function of a with mc(0) = rric. In par- 
ticular, if m < rric, then there should be an unbinding-binding transition as 
the coupling a is increased. This phenomenon has been baptized enhanced 
binding and has been studied for a variety of models by several authors 
|AK03l IBV041 IHVV031 IHHS051 [HgOTllHgOH] . In case m > more general 
techniques are available and the existence of a unique ground state for the 
full Hamiltonian is proven in |AH97l IBFS991 IGLLOll [LL031 IGerOOl [Spo98] . 



The heuristic picture also asserts that the full hamiltonian has a regime of 
couplings with no ground state. This property is more difficult to establish 
and the only result we are aware of is proved by Benguria and Vougalter 
|B V04] . In essence they establish that the line mc{a) is continuous as a — j- 0. 
(In fact, they use the strength of the potential as parameter). From this it 
follows that the no binding regime cannot be empty. In our paper, as in 
|HS01j . we will use the dipole approximation for simplicity, but provide a 
fairly explicit bound on the critical mass. In the dipole approximation the 
effective mass meg (a) = m + coa^ with some explicitly computable coefficient 
Co, see Eq. f l2.10p below. Thus the most basic guess for mda) would be 
mc(a) + Coa^ = rric. The corresponding curve is displayed in Fig. 1. In 
fact the guess turns out to be a lower bound on the true mc{a). We will 
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Figure 1: Upper and lower bounds on the critical mass mc{a). The dashed 
line indicates mc{a) 

complement our lower bound with an upper bound of the same qualitative 
form. 

The unbinding for the Schrodinger operator ifp(m) is proven by the 
Birman-Schwinger principle. Formally one has 

H^^m) = ^(-A)i/2(]i + 2m(-A)-i/V(-A)-i/2)(_^)i/2_ 

If m is sufficiently small, then 2m(— A)~^/^V^(— A)~^/^ is a strict contraction. 
Hence the operator 1 + 2m(— A)~^/^V"(— A)~^/^ has a bounded inverse and 
Hp[m) has no eigenvalue in (— oo,0]. More precisely the Birman-Schwinger 
principle states that 

(1.2) dim]l[^ JV'/\-ArW'/^) > dimIl(_^,o](i^pM). 

For small m the left hand side equals and thus Hp^m) has no eigenvalues 
in (— oo, 0]. 

Our approach will be to generalize (11.21) to the Pauli-Fierz model of non- 
relativistic quantum electrodynamics. The Pauli-Fierz Hamiltonian H{a) is 
defined on the Hilbert space = L'^(R'^) ® where ^ denotes the boson 
Fock space. Transforming H{a) unitarily by U one arrives at 

(1.3) U'^H{a)U = Ho{a) + W + g 
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as the sum of the free Hamiltonian 



(1.4) Ho{a) = ^ A ® 11 + 11 ® iff, 

involving the effective mass of the dressed particle and the Hamiltonian 
of the free boson field, the transformed interaction 

(1.5) W = T~\V (^1)T, 

and the global energy shift g. mcff(a) is an increasing function of a. We will 
show that fll.3p has no ground state for sufficiently small |a| by means of 
a Birman-Schwinger type argument such as fll.2|] . In combination with the 
results obtained in |HS01j we provide examples of external potentials V such 
that for some given S > there exist two constants < < a+ satisfying 

(1.6) 5 > a+ - a_ > 

and H{a) has no ground state for |a| < q;_ but has a ground state for 
|a| > a+. 

Our paper is organized as follows. In Section 2 we define the Pauli-Fierz 
model and in Section 3 we prove the absence of ground states. Section 4 lists 
examples of external potentials exhibiting the unbinding-binding transition. 



2 The Pauli-Fierz Hamiltonian 

We assume a space dimension d > 3 throughout, and take the natural unit: 
the velocity of light c = 1 and the Planck constant divided 27r, h = 1. The 
Hilbert space for the Pauli-Fierz Hamiltonian is given by 

where 

oo 
n=0 

denotes the boson Fock space over the (d— l)-fold direct sum ©'^~^L^(M'^). Let 
Q = {1,0,0, ...} E ^ denote the Fock vacuum. The creation operator and the 
annihilation operator are denoted by a*{f,j) and a{f,j), j = 1, . . . , d — 1, f e 
L^(]R'^), respectively, and they satisfy the canonical commutation relations 

[a{f,j),a*ig,f)] = 5,y{f,g)l, [a{f,j),a{g,f)] = = [a*{f,j),a*ig,f)] 
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with {f,g) the scalar product on L^(]R'^). We write 

(2.1) a\f,j) = J a\k,j)f{k)dk, J = a,a*, 

The energy of a single photon with momentum /c G M"^ is 



(2.2) 



uj{k) = \k\. 



The free Hamiltonian on ^ is then given by 



d-l 



(2.3) 



Hi 




Note that (t{H{) = [0, oo), and (Tp(i^f) = {0}. {0} is a simple eigenvalue of 
Hi and H{Q = 0. 

Next we introduce the quantized radiation field. The d-dimensional po- 
larization vectors are denoted by ej{k) G M"', j = 1, . . . ,d — 1, which satisfy 
ei{k) ■ ej{k) = 6ij and ej{k) ■ k = almost everywhere on M°'. The quantized 
vector potential then reads 



for X G M"^ with ultraviolet cutoff 0. Conditions imposed on ip will be supplied 
later. Assuming that V is centered, in the dipole approximation A{x) is 
replaced by A{0). We set A = A{0). The Pauli-Fierz Hamiltonian H[a) in 
the dipole approximation is then given by 



where a G M is the coupling constant, V the external potential, and p = 
{—idi, —idd) the momentum operator. For notational convenience we omit 
the tensor notation ® in what follows. 

Assumption 2.1 Suppose that V is relatively hounded with respect to A 




(2.5) 



H{a) = —{p®l - at® Af + V ®t+t® Hi 



2m 



with a relative bound strictly smaller than one, and 



(2.6) 
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By this assumption H{a) is self-adjoint on D{—A) fl D{H{) and bounded 
below for arbitrary a; £ M |Ara81tlAra83j . We need in addition some technical 
assumptions on ip which are introduced in [HSOlt Definition 2.2]. We list 
them as 

Assumption 2.2 The ultraviolet cutoff' satisfies (l)-(4) below. 

(1) (^/a;3/2 ^ ^2(^d). 

(2) (p is rotation invariant, i.e. (p{k) = x(l^l) '"'^^^ some real-valued func- 
tion X on [0, oo); and p(s) = |x(v^)P'5*^'^~^''/^ G L^i[0, oo), ds) for some 
1 < e,and there exists < (3 < 1 such that \p{s + h) — p{s)\ < K\h\/^ 
for all s and < h < 1 with some constant K; 

(3) ||(^a;('^-i)/2||^<oo; 

(4) p{k)^Ofork^O. 

The Hamiltonian H{a) with = is quadratic and can therefore be diag- 
onalized explicitly, which is carried out in |Ara83t IHSOl] . Assumption 12.21 
ensures the existence of a unitary operator diagonalizing H{a). 
Let 

DM = m - ! '^fflj' . dk. s>0. 



d J s - uj{ky + zO 

We see that -D+(0) = m + a^^^||(^/a;|p > and the imaginary part oi D+{s) 
is a^^^7iSd-ip{s) 7^ for s 7^ 0, where p is defined in (2) of Assumption 12.21 
and 5*^-1 is the volume of the d — 1 dimensional unit sphere, and the real part 
of -D+(s) satisfies that lim^^oo 3^-D+(s) = m > 0. These properties follows 
from Assumption 12.21 In particular 

(2.7) inf|D+(.)|>0. 
Define 

e'i(k)0(k) 

(2.8) A'^ik) ^ 



uy^{k)D+{u^{k))' 
Then ||A^|| < C\\ip/iu^/^\\ for some constant C. 
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Proposition 2.3 Under the assumptions \2. 1\ and \2.S\ for each a G M, there 
exist unitary operators U and T on Jif such that both map D{—A) fl D{H{) 
onto itself and 

(2.9) U~'H{a)U = --J-—A + H, + T'^VT + g, 

2meff(a) 

where mcff(a;) and g are constants given by 

(2.10) rn,fi{a) = m + a^ (^^^^\\0/cof, 

(2 11) a=^ r _i^^mMi±^dt 

271 J_^m + a''{^)\\0/VWT^\\^ 
Here U is defined in (4-29) of IHSOlf and T by 

(2.12) T = exp(-z^^p-A, 

where = (0i, ...,4>d) is the vector field 

'^/^ = 7f Ey {^)a*{k,3)+A'i{k)a{k,3)) dk. 
Proof: See jHSOTl Appendix]. □ 



3 The Birman-Schwinger principle 

3.1 The case of Schrodinger operators 

Let ho = — |A. We assume that V G Lj'jj^(M'^) and V is relatively form- 
bounded witli respect to Hq witli relative bound a < 1, i.e., Z)(|y|^/^) D 
D{hl^^) and 

(3.1) m'/'^W < all/^yVf + &lbf , V e D{h'J^), 
with some b > 0. Then the operators 

(3.2) RE = {ho-Er'/'\V\'/\ E<0, 
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are densely defined. From ([XI]) it follows that R*^ = \V\^/'^{ho - E^^/^ is 
bounded and thus Re is closable. We denote its closure by the same symbol. 
Let 

(3.3) Ke = ReRe. 

Then Ke {E < 0) is a bounded, positive self-adjoint operator and it holds 

KeI = \V\'^^ {ho - E)-' / G Co°°(M"). 

Now let us consider the case E = 0. Let 

(3.4) R^ = h^'/'\V\'/'. 

— 1/2 

The self-adjoint operator /iq has the integral kernel 

\x y\ 

where ad = V2n'''^'^^/'^ /T{{d - l)/2) and r(-) the Gamma function. It holds 
that 

for f,g E C^(M^) by the Hardy-Littlewood-Sobolev inequality. Since / G 
C^{R^) and V G Aoc(^^). one concludes || 1^/^11 2d/(d+2) < oo. Thus 
|y|i/2y g D{hQ^^^) and Rq is densely defined. Since V is relatively form- 
bounded with respect to ho, R^ is also densely defined, and Rq is closable. 
We denote the closure by the same symbol. We define 

(3.5) Ko = R*oRo. 

Next let us introduce assumptions on the external potential V. 
Assumption 3.1 V satisfies that (1) V <0 and (2) Ro is compact. 

Lemma 3.2 Suppose Assumption \3.1[ Then 
(i) Re, R*e and Ke (E <0) are compact. 

(a) \\Ke\\ is continuous and monotonously increasing in E < and it holds 
that 

(3.6) lim \\Ke\\=0, lim = ||i\:o||. 



8 



Proof: Under (2) of Assumption 13.11 Rq and Kq are compact. Since 

(3.7) {f,KEf)<{f,Kof), feC^{R'), 

extends to / G L^(M^), Ke, Re and R^ are also compact. Thus (i) is proven. 

We will prove (ii). It is clear from (13. 7p that Ke is monotonously increas- 
mg m E. Since Ro is bounded, ([STD holds on L'^{R'^) and 

(3.8) Ke = R; {{ho - Ey^h^) i?o, ^ < 0. 
From (13. 8 P one concludes that 

\E-E'\ 



\Ke-KeA\ < Ka 



\E' 



for E,E' < 0. Hence \\Ke\\ is continuous in E < 0. We have to prove 
the left continuity at = 0. Since \\Ke\\ < ll-^'^'oll < 0), one has 
limsup^-|.Q \\Ke\\ < \\Kq\\. By (13. 8p we see that Kq = s-limE^o Ke and 

\\Kof\\=\im\\KEf\\ < fhminf lli^^ll) ||/||, f e L'{R''). 

Hence we have H-K'oll < liHiinf£;-|-o HKsll and limE-|-o ll/^^sH = ||A'o||. It re- 
mains to prove that lim£;__j._oo \\Ke\\ = 0. Since Rq is compact, for any 
e > 0, there exists a finite rank operator = '^k=i(^k, ■)4'k such that 
n = n{e) < oo, ipkyipk G L^(M'^) and \\Rq — Te|| < e. Then it holds that 
\\Ke\\ < (e + \\T,ho{ho - E^^) \\R^\\. For any / G L'^{R'^), we have 

\\TMho-E)-'f\\ < (f^||/io(/io-i?)"Vfe| 

\k=l 

and lim£;_j,_oo \\T^ho{hQ — -E)"^!! = 0, which completes (ii). □ 
Let 

(3.9) H^{m) = --^A + V. 

2m 

By (ii) of Lemma 13.21 we have lim£;_j,_oo || |l^|^^^(/io ^ -f')"^^^!! = 0. Therefore 
V is infinitesimally form bounded with respect to ho and Hp{m) is the self- 
adjoint operator associated with the quadratic form 

f,9^-{hrLhl/'9) + {\V\y'fAVn) 
m 
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for f,gG D{hy^). Note that the domain D{Hp{m)) is independent of m. 

Under (2) of Assumption 13. ![ the essential spectrum of Hp{m) coincides 
with that of —^A, hence acss{Hp{m)) = [0, oo). Next we will estimate 
the spectrum of Hp{m) contained in (— oo,0]. Let l(o)(T), C C M, be the 
spectral resolution of self-adjoint operator T and set 

(3.10) No{T) = dimRan]lo(T). 

The Birman-Schwinger principle |Sim05j states that 

{E < 0) AT . {Hp{m)) = N^±,^){Ke), 

(3.11) 

{E = 0) A^(„oo,o] {Hp{m)) < A^[i.oo)(i^o). 
Now let us define the constant rric by the inverse of the operator norm of Ko, 
(3.12) = \\Kot\ 



Lemma 3.3 Suppose Assumption \3.1[ 

(1) Ifm<mc, then N(^_oo,o]{Hp{m)) = 0. 

(2) Ifm>mc, then N^.oo,o]{Hp{m)) > 1. 

Proof: It is immediate to see (1) by the Birman-Schwinger principle fl3.1ip . 
Suppose m > rric. Then, using the continuity and monotonicity of — )■ \\K\\, 
see Lemma [3l2l there exists e > such that rric < ^ Since K^^ is 

positive and compact, ||A'-e|| G ap{K_^) follows and hence A^rj_ ^){K_^) > 1. 
Therefore (2) follows again from the Birman-Schwinger principle. □ 

Remark 3.4 By Lemma WTR the critical mass at zero coupling mc(0) = rric. 

In the case m > rric, by the proof of Lemma 13.31 one concludes that the 
bottom of the spectrum of Hp{m) is strictly negative. For e > we set 

(3.13) m, = \\K_,\\-\ 



Corollary 3.5 Suppose Assumption \3.1\ and m > m^. Then 

(3.14) Ma(Hp(m)) <—. 

m 

Proof: The Birman-Schwinger principle states that 1 < A"(-oo, {Hp{m)), 

since 1/m < \\K_^\\, which implies the corollary. □ 
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3.2 The case of the PauU-Fierz model 

In this subsection we extend the Birman-Schwinger type estimate to the 
Pauh-Fierz Hamiltonian. 

Lemma 3.6 Suppose Assumption \3.1[ If m < rric, then the zero coupling 
Hamiltonian Hp{m) + H{ has no ground state. 

Proof: Since the Fock vacuum Q is the ground state of iff, Hp{m) + Hf has 
a ground state if and only if Hp{m) has a ground state. But Hp{m) has no 
ground state by Lemma [3.31 Therefore Hp{m) + Hf has no ground state. □ 

From now on we discuss U~^H{a)U with a 7^ 0. We set 
(3.15) U-^H{a)U = HQ{a) + W + g, 

where 



2mefr(a) 



(3.16) 

W = T-^VT. 



Theorem 3.7 Suppose Assumptions \2. ![ \2.S\ and \3.1\ Ifnicsict) < ^c, then 
Hq^o) + W + g has no ground state. 

Proof: Since (7 is a constant, we prove the absence of ground state of Hq^o) + 
W . Since V is negative, so is W . Hence inf a{HQ{a)+W) < inf a{Ho{a)) = 0. 
Then it suffices to show that HQ{a) + W has no eigenvalues in (—00, 0]. Let 
E G {—00, 0] and set 

(3.17) ICe = \W\'/\Ho{a) - Ey^\W\'/\ 

where IH^I^/^ is defined by the functional calculus. We shall prove now that if 
Hq^o) + W has eigenvalue E G (—00, 0], then KLe has eigenvalue 1. Suppose 
that (iyo(tt) + W - E)(p = and 7^ 0, then 

JCE\W\'/'ip = \W\^/^ip. 

Moreover if |iy|^/^</? = 0, then Wip = and hence {Ho{a) — E)ip = 0, but 
Hq^o) has no eigenvalue by Lemma [3.61 Then 7^ is concluded and 

Ke has eigenvalue 1. Then it is sufficient to see ||/C_b|| < 1 to show that 



11 



Hoi^a) + W has no eigenvalues in (— oo,0]. Notice that ~ 2m ^(a) ^ 
commute, and 



1/2 



Then we have 



|/CkII < 



2mes(a) 
and the proof is complete. 



-A 



-1/2 



^ Ml II "^cffiaj ^ 
mefr(a)||i^o|| = < 1 



rrir. 



□ 



4 Absence and existence of a ground state 

In this section we establish the absence, resp. existence, of a ground state 
of the Pauli-Fierz Hamiltonian HQ{a) + W. Let k > be a parameter 
and let us define the Pauli-Fierz Hamiltonian with scaled external potential 

= Vix/K)/K^ by 

(4.1) H, = ^{p- aAf + K + H,. 

We also define by H{a) with replaced by /ta". Then 

(4.2) K^ = ^{p- KaAy + V + k^H^. 

2m 

and n^'^K^ are unitarily equivalent, 

(4.3) - t,~^K^. 
Let m < m^ and e > 0. We define the function 

(4.4) a, = {^^\\ip/cofy'^^Vm,-m, e>0 

(4.5) «o = (^||(^/c^f)'^/^v/^^^:^, 

where we recall that m^ = \\K^^\\~^ for e > 0. Note that 
(1) |a| < ao if and only if m^sia) < m^, 
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(2) |a;| > if and only if meg (a) > m^. 

Note that < because of > rric. Since lim£j^o"^e = it holds 
that hm^octe = «o- We furthermore introduce assumptions on the external 
potential V and ultraviolet cutoff if. 

Assumption 4.1 The external potential V and the ultraviolet cutoff sat- 
isfies: 

(1) V e C^{W^) and W E L°°{R'^); 

(2) G L^{W). 

We briefly comment on (1) of Assumption 14.11 We know that 

H^{a) + W = -— ^— A + V + Hi + V{ ^0) - V. 

2meff(Q!) mefr(Q!) 

The term on the right-hand side above, = V{- — m H{a) '^^~'^' regarded 
as the interaction, and 

Hint ^Vr(-) ■ 0. 

By (1) of Assumption 14.11 we have 

||i^int$|| <C||(fff + 1)1/2^11 

with some constant C independent of a. This estimate follows from the 
fundamental inequality ||a''(/)$|| < ||(iff + 1)^/^<1>||. Then the inter- 

action has a uniform bound with respect to the coupling constant a. Since 
the decoupled Hamiltonian ~ 2m ff(a) ^ + V + H{ has a ground state for suf- 
ficiently large a, it is expected that Hq^o) + W also has a ground state for 
sufficiently large a. This is rigorously proven in (1) of Theorem 14.21 below. 
Now we are in the position to state the main theorem. 

Theorem 4.2 Suppose Assumptions \2.1{ \2.2i \3.1\ and 4jJ_ Then (1) and 
(2) below hold. 

(1) For any e > 0, there exists such that for all k > k^, has a unique 
ground state for all a such that \a\ > a^, 

(2) has no ground state for all k, > and all a such that \a\ < Oq. 
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Proof: Let (resp. T^) be defined by U (resp. T) with u and replaced 
by k'^uj and k0. Then 

(4.6) U-^K^^ = H^{m,s{a)) + n^Hf + 6V, + g, 

where dV^ = T'^VT^ — V. Note that g is independent of k. Since U'^KJJi^ 
is unitary equivalent to t^^H^, we prove the existence of a ground state for 
U^^KJJf^. Let N = Yl'jZi J o,*{k, j)a{k, j)dk be the number operator. Since 
Hp{mcs{ci)) has a ground state by the assumption |a| > a^, i.e., mcff(a) > 
nic, it can be shown that U'^Kf^U^ + z^iV with u > also has a ground state, 
see [HSOll p. 1168] for details. We denote the normalized ground state of 
U^^K^U^ + uN by '^^ = \E'^(fi:). Since the unit ball in a Hilbert space is 
weakly compact, there exists a subsequence of \E'^/ such that the weak limit 
= lim^/_,o ^'i.' exists. If * 7^ 0, then is a ground state |AH97j . Let 
^ = "^[^(-2^^)^ + ^) ® ]l {o}(gf ) and E = infa(i/p(meff(a))). Adopting 
the arguments in the proof of [HSOll Lemma 3.3], we conclude 



(4,7) ,*.P.),1-H*Z^_ J 



where e > and D are constants independent of k and a. Since mef[{a) > 

(4.8) S < infa(ifp(m,)) < 

by Corollary [331 By (gSD and (02]) we have 

lal 



(4.9) (*, P*) > K-'^ p{k) - 5||(^/a;5/2||2. 



where = with f = „ ^^n . Then there exists /te > such that 

the right-hand side of (14. 9 p is positive for all k > and all a G M. Actually 
a sufficient condition for the positivity of the right-hand side of f l4.9p is 

(4.10) p(.) > 

since sup„ ^ '°|^^ = (2ym||(^/w||)"^. Then vE^ 7^ for all k > k^. Thus the 
ground state exists for all |a| > and all k > and (1) is complete. 
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We next show (2). Notice that 

U-^H,U^ = -— ^— A + H, + T-^V^T + g. 
2mefr(a) 

Define the unitary operator u^, by {ut^f){x) = k'^^'^ f{x / k). Then we infer 
K = i^~'^u^Vu-^, -A = k-V(-A)m-^ and 

= ^~^u^\V\'/\-\-A)-\^\v\'/\;:'\\ = \\Ko\\. 

(2) follows from Theorem 13 .71 □ 



Corollary 4.3 Let arbitrary 6 > be given. Then there exists an external 
potential V and constants a+ > a_ such that 

(1) < a+ - «_ < 5; 

(2) H{a) has a ground state for \a\ > a+ but no ground state for \a\ < 

Proof: Suppose that V satisfies Assumption 13 .11 For 5 > we take e > such 
that tte — tto < 5- Take a sufficiently large k such that fl4.10p is fulfilled, and 
set V{x) = V{x/k)/k,'^. Define H{a) by the Pauli-Fierz Hamiltonian with 
potential V. Then H{a) satisfies (1) and (2) with a+ = and a_ = ao- ^ 



Remark 4.4 (Upper and lower bound of mc(a)) Corollary 4.3 implies 
the upper and lower bounds 

m_(a) < mc(a) < m+(a), 
mc(0) = mc, 

where 

m„(a) = tuq — a'^^\\(p/uj\\'^, 

Fix the coupling constant a. If m < m_(a), then there is no ground state, 
and if m > m+(a), then the ground state exists, compare with Fig. 1. 

Remark 4.5 (mc(a) for sufficiently large a) Let (^-^\\(p / uj\\'^)~^m^ < c? . 
Then by Remark 14. 4[ li[oL) has a ground state for arbitrary m > 0. It is an 
open problem to establish whether this is an artifact of the dipole approxi- 
mation or in fact holds also for the Pauli-Fierz operator. 
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5 Examples of external potentials 

In this section we give examples of potentials V satisfying Assumption 13.11 
The self-adjoint operator has the integral kernel 

with bd = 2T{{d/2) - l)/nW^'>~^. It holds that 

(5.1) {f,Kof) = jdxj dyf{x)K,{x,y)f{y), 
where 

(5.2) K.i.,.y)^, rf'^lf'\ <1>S, 

is the integral kernel of operator K^. We recall the RoUnik class of poten- 
tials is defined by 



V 



\x — y\^ 



By the Hardy-Littlewood-Sobolev inequality, M D (M^) n /.''(M^) with 
1/p + 1/r = 4/3. In particular, L^^'^iR^) C ^. 

Example 5.1 {d = 3 and Rollnik class) Let d = 3. Suppose that V is 
negative and V E ^. Then Kq G ^^(MS x m:^). Hence Kq is Hilbert-Schmidt 
and Assumption 13.11 is satisfied. 

The example can be extended to dimensions d > 3. 
Example 5.2 (d > 3 and V G L'^^^{R'^)) Let Ll{R'^) be the set of Lebesgue 
measurable function u such that sup^>o ^ M'^l |u(x) > < oo, where 

\E\l denotes the Lebesgue measure of C M'^. Let g G U\M.'^) and 
u G L^{R'^) for 2 < p < oo. Define the operator Bu^g by 

= (27r)-'='/2 /" e*'=^n(A;)^(x)/i(a;)rfx. 



It is shown in |Cwi77[ Theorem, p. 97] that Bu,g is a compact operator on 
L2(M'^). It is known that u{k) = 2\k\-^ G Li{R'^) for c/ > 3. Let F denote 
Fourier transform on L'^{R'^), and suppose that V G L''/^(M'^). Then 5„ |y|i/2 
is compact on L^(M'^) and then Rq = FB^ yi/2F~^ is compact. Thus Rq is 
also compact. 
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Assume that V G L'^/'^{W^). Let us now see the critical mass of zero 
couphng TTic = rriQ. By the Hardy-Littlewood-Sobolev inequahty, we have 



(5.3) 



\{f,Kof)\<Dy\\f\\l, 



where 



a constant in (15. 4 p is proved by Lieb [LieSS] . Then 
(5.5) lli^oll < Dy. 




d/2) 



By (15. 5p we have rric > Dy^. In particular in the case of ci = 3, 

(5.6) mc > rll^llvV 
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